Introduction
It is known that any triangle is orthocentric. For a tetrahedron to be orthocentric an additional condition must be satisfied. The question arises: what is the necessary and sufficient condition for an n-simplex (n > 4) to be orthocentric, and next, which properties of triangles and tetrahedrons can be extended to higher dimensions? Some answers are given in this paper.
Conditions for the orthocentrity of a simplex
Let Ai,... ,A n+ \ be vertices of a nondegenerate simplex S in the ndimensional Euclidean space E n . By we denote the join of points Ai k+1 ,... ,Ai n+1 , where (¿i,..., i n +i) is a permutation of numbers 1,2,..., n + 1.
THEOREM 1. Simplex S is orthocentric if and only if line AiAj is perpendicular to subspace Hij for all i,j = 1,... ,n+l,i ^ j.
Proof. Suppose AiAj is perpendicular to H^ for all distinct i,j. Let P be the orthogonal projection of Ai onto Hi. Since A\P is perpendicular to H\ and A1A2I-H12, the plane AiA^P is normal (see [2] Thus we see that only n-1 perpendicularities of type AiAjLHij are sufficient to S be orthocentric. In particular, when n=3 we obtain the well-known property quoted above. However it should be noticed that these n-1 perpendicularities cannot be assumed arbitrarily. The following counterexample shows it:
Let Ai(0,0,0,0), ¿2(1,0,0,0), ¿3(2,-2,0,0), ¿4(2,1,2,0), ¿ 5 (3,2,-3,l) be five points in the four-dimensional space. It is easy to check that AiAz^His, A3A4A.H34 and A2A5LH25, but ¿1^2 is not perpendicular to ¿3^5.
The orthocentric structure of simplexes
In this section let 5 n+2 be an orthocentric, nondegenerate simplex with the vertices ¿1,..., A n+ 1 and the orthocenter ¿"+2 in the space E n . Then by Theorem 1 we get the following The n + 2 points ¿1,..., ¿ n+ i, ¿ n +2 are such that the 1-dimensional edge joining any two of them is perpendicular to the (n-1)-dimensional subspace determined by the remaining n points, n+2 such points will be said to form an orthocentric structure. Each point of it is the orthocenter of the simplex determined by the remaining n+1 points. Hence the n+2 points determine also an orthocentric structure of n+2 simplexes.
Using some properties of the Euler line of an orthocentric simplex (see [1] and [3] ) we prove Proof. Let £i... n be the Euler line of the (n-1) -dimensional face ¿1... A n . Obviously ¿1... ¿ n is the common face of the simplexes S n+1 and S n+2 . Let G n+2 be the centroid and O n+2 the circumcenter of S n+2 (Fig. 1) . The point ¿ n+ 2 is the orthocenter of S n+2 hence the line
is the Euler line of S n+2 . By some theorems from [3] , we know that Qi... n G' : G'G l n = n : 1, where Qi... n is the orthocenter, G\", n the centroid of the face ¿1... A n and G' is the projection of G n+2 onto ei...n. Let An+2G\^n be the median of £-n+i. This line meets G'Gn+2 in some point. It must be the centroid G n+l of 5 n+1 because the projection of this point cuts £\...n at the same ratio n:l. we find that 
195
The (n + 2) centroids form a figure homothetic to the points of the given orthocentric structure, the homothetic center being the orthic point N, and the homothetic ratio being -1 : (n + 1). The (n -f 2) circumcenters also form a figure homothetic to the points of the given orthocentric structure, the homothetic center being the orthic point N, and the homothetic ratio being -n : 2. • REMARK 4. The preceding theorems are analogous to the corresponding propositions dealing with the orthocentric structure of four points in the plane. The orthic point corresponds to the nine-point center in the plane. But the analogy can not be pursued much further. Contrary to what happens on the plane, on the Euler line of a simplex in n-dimensional Euclidean space we have GO' : O'Q = (n -1) : (n + 1) where G is the centroid, Q is the orthocenter and O' the center of the 3(n + l)-points sphere of an orthocentric simplex (see [3] ). Thus accordingly to Theorem 3 GN :NQ = 1 : (n + 1). Hence (n-1) : (n+1) = 1 : (n+1) (i.e. the orthic point N equals the 3(n+l)-points center) only for n = 2. Similarly, the simplexes of an orthocentric structure do not have the same orthic simplex as it is in E 2 (see [1] for this and others examples for E 2 and E 3 ).
